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Abstract. Let f1 (n), . . . , fk (n) be polynomial functions of n. For fixed n ∈ N, let Sn ⊆ N be the numerical
semigroup generated by f1 (n), . . . , fk (n). As n varies, we show that many invariants of Sn are eventually
quasi-polynomial in n, most notably the Betti numbers, but also the type, the genus, and the size of the ∆set. The tool we use is expressibility in the logical system of parametric Presburger arithmetic. Generalizing
to higher dimensional families of semigroups, we also examine affine semigroups Sn ⊆ Nm generated by
vectors whose coordinates are polynomial functions of n, and we prove that in this case the Betti numbers
are also eventually quasi-polynomial functions of n.

1. Introduction
In this note we will describe a general context for studying the periodic behavior of formulas for certain
invariants of affine semigroups, that is, subsets of Nm that are closed under addition and contain 0. In the
case when m = 1 and N \ S is finite, S is known as a numerical semigroup.
Numerical (and affine) semigroups can be specified by a set of generators: given a1 , . . . , ak ∈ N, let
ha1 , . . . , ak i = {λ1 a1 + · · · + λk ak : λi ∈ Z≥0 }. Several recent papers have studied the behavior of shifted
families of numerical semigroups, that is, families of semigroups Sn = ha1 + n, a2 + n, . . . , ak + ni where
a1 , . . . , ak ∈ N are held constant and n varies over N (e.g. [5] and [6]). One would like to find nice formulas in
terms of n for important quantities associated with Sn , such as the Frobenius number, the genus, the type,
and the Betti numbers (see below for definitions), among others. Other recent papers have studied lifting
families of numerical semigroups, that is, families of the form Sn = ha1 , a2 n, a3 n, . . . , ak ni as n varies over
N; the Betti numbers of such families were investigated by Şahin [7], who showed that they were eventually
constant under the additional assumption that the monomial curve parametrized by t 7→ (ta1 , . . . , tak ) is of
homogeneous type.
Kerstetter and O’Neill [11] proposed the much more general problem of studying parametric families of
numerical semigroups Sn = hf1 (n), . . . , fk (n)i where the fi (n) : N → N are arbitrary polynomials; we will
call these parametric numerical semigroups. In the case where the polynomials fi (n) are all linear, they
showed that the first Betti number is eventually periodic. In the case of parametric numerical semigroups
of arbitrary degree, they conjecture that the Betti numbers satisfy the following condition:
Definition 1.1. A function f : N → Z is eventually quasi-polynomial of degree d (or “EQP”) if there are
eventually periodic functions c0 , c1 , . . . , cd : N → Q such that for all n ∈ N,
f (n) = cd (n)nd + cd−1 (n)nd−1 + . . . + c0 (n)
and for infinitely many values of n, cd (n) 6= 0.
Using a general result from our previous paper [2] about families definable in parametric Presburger
arithmetic (as explained below), in the present paper we will prove this conjecture, namely:
Theorem 1.2. Let Sn = hf1 (n), . . . , fk (n)i ⊆ N be a parametric numerical semigroup. Then for each i and
every field K, the i-th Betti number of the semigroup algebra K[Sn ] is eventually quasi-polynomial.
We now recall briefly the definition of these Betti numbers. Let K be any field. For each value of n
we can consider a minimal graded free resolution of the semigroup algebra K[Sn ]. By definition K[Sn ] is
a monomial algebra and thus the kernel ISn of the first map in the resolution is a binomial prime ideal, or
toric ideal. Such ideals have applications in integer programming and geometric combinatorics [16] as well as
algebraic statistics [17, §9]. The ith Betti number βi of K[Sn ] counts the number of ith syzygies of ISn , that
is, the size of any minimal generating set of the ith kernel map in the minimal free resolution. In particular,
the first Betti number β1 is the size of a minimal generating set for the ideal ISn .
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In fact, EQP behavior is manifested by many other invariants of parametric numerical semigroups. Each
invariant in the theorem below is defined in Section 3 or 4; see also the recent books on numerical semigroup
theory by Assi and García Sánchez ([1]) and Rosales and García Sánchez ([14]).
Theorem 1.3. Let {Sn : n ∈ N} be a parametric family of sub-semigroups of N such that Sn = hf1 (n), . . . , fk (n)i,
where the fi : N → N are polynomial functions with integer coefficients.
(1) The following sets are all eventually periodic:
(a) The set of all n ∈ N for which Sn is a numerical semigroup (that is, such that | N \S| < ∞).
(b) The set of all n ∈ N for which Sn is a symmetric numerical semigroup.
(c) The set of all n ∈ N for which Sn is an irreducible numerical semigroup.
(2) The following quantities, whenever finite, are eventually quasi-polynomial:
(a) The genus g(Sn ), defined as | N \Sn |.
(b) The Frobenius number F(Sn ), that is, the maximal element of N \ Sn .
(c) The type of Sn .
(d) The cardinality |FG(Sn )| of the set of fundamental gaps of Sn .
(e) The cardinality of the delta set ∆(Sn ).
(f ) For any fixed i, the value of the i-th element of the Apéry set of Sn as listed in increasing order.
(3) Let a : N → N be given by a polynomial function. Then the following quantities are all EQP:
(a) The cardinality of the length set LSn (a(n)) containing all possible factorizations of a(n) in Sn .
(In case a(n) ∈
/ Sn we consider LSn (a(n)) to be empty.)
(b) The cardinality of the delta set ∆Sn (a(n)) consisting of all differences between successive elements in the length set LSn (a(n)) (which we take to be the empty set in case |LSn (a(n))| ≤ 1).
The EQP behavior of the Frobenius number F(Sn ) and of the genus g(Sn ) were established previously by
Bobby Shen (see [15]), but we include it on this list above for completeness. As far as we know, most of the
other EQP and eventually periodic phenomena in the theorem above have not been noted previously.
Remark 1.4. This list of EQP behavior is far from exhaustive. The parametric Presburger arithmetic tools
that we describe in the next section are quite general and could be used to prove other EQP behavior in
numerical semigroups (the cardinality of the set of special gaps, the minimum pseudo-Frobenius number,
and so on).
Remark 1.5. While Theorem 1.3 lists EQP behavior for several numerical invariants of Sn , there are also a
number of important sets associated with Sn , such as Sn itself, N \ Sn , the set of pseudo-Frobenius numbers,
the fundamental gaps, the delta set, the Apéry set, and the length sets. It is harder to discuss the “periodic”
behavior of the sets themselves (rather than only concentrating on the P
cardinality, the smallest element, or
such). However, by encoding sets Tn as generating functions gn (x) = t∈Tn xt , the tools we will use here
similarly yield a form of periodic behavior for these generating functions gn , as n varies; we don’t discuss
generating functions further herein, but see [2] for more details.
One may also consider the even more general context of parametric affine semigroups: given polynomial
functions f1 (n), . . . , fk (n) : N → Nm , let Sn be the sub-semigroup of Nm generated by f1 (n), . . . , fk (n). Our
Theorem 1.2 generalizes directly to this context, namely:
Theorem 1.6. Let Sn = hf1 (n), . . . , fk (n)i ⊆ Nm be a parametric affine semigroup. Then for each i and
every field K, the i-th Betti number of the semigroup algebra K[Sn ] is eventually quasi-polynomial.
As we will briefly explain at the beginning of Section 4, the following is an immediate consequence.
Corollary 1.7. The cardinality of a minimal presentation of a parametric affine semigroup Sn is eventually
quasi-polynomial.
All of the results above will follow from the main theorem of our previous paper [2] relating eventually periodic and EQP behavior to expressibility in a logical framework known as parametric Presburger arithmetic,
which we will lay out in Section 2. In Section 3 we will at once define the various invariants that appear
in Theorem 1.3 and prove the theorem. In Section 4 we will combine our technique with a homological
interpretation (see [4]) of the Betti numbers of semigroup algebras in order to prove Theorem 1.6, of which
Theorem 1.2 is a special case. In Section 5, we end with some discussion and questions about the degrees of
the EQP functions that may arise as the cardinalities of delta sets and as Betti numbers.
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2. Parametric Presburger arithmetic: logic and counting formulas
In this section we describe the main tool we use to prove the theorems above: parametric Presburger
arithmetic. To make this note as self-contained as possible, we repeat the definition of parametric Presburger
formulas introduced in [18] in some detail and restate the main result of [2] (Theorem 2.5 below). The reader
with a background in logic may skip ahead to Definition 2.3.
The system of parametric Presburger arithmetic is a generalization, introduced by Woods ([18]), of the
classical theory of Presburger arithmetic, that is, the first-order logical theory of the structure (Z, +, <) .
First, we recall the definition of “classical” (non-parametric) Presburger formulas. We will follow standard
notational conventions in mathematical logic; see, for example, [12] or any other recent textbook on logic for
a more detailed discussion of the notion of a first-order formula.
Definition 2.1. A (classical) Presburger formula is a first-order logical formula that can be written using
quantifiers (∃, ∀), boolean operations (and, or, not), and integer linear inequalities in the variables. More
formally, it is any expression ϕ which can be built up in finitely many steps via the following rules:
(1) For any integers a1 , . . . , am and b and any variables x1 , . . . , xm , the expression
m
X

ai xi ≤ b

i=1

is a Presburger formula (formulas as above are called atomic). The xi here are selected from some
countably infinite set {z0 , z1 , . . .} of variable symbols.
(2) If ϕ and ψ are Presburger formulas, then the expressions (ϕ ∧ ψ), (ϕ ∨ ψ), (ϕ → ψ), and (¬ϕ)
constructed with the logical connectives ∧ (“and”), ∨ (“or”), → (“implies”) and ¬ (“not”) are also
Presburger formulas. (The parentheses are included here only to avoid ambiguity.)
(3) If ϕ is a Presburger formula and zi is any variable, then ∃zi ϕ and ∀zi ϕ are also Presburger formulas.
We use the notation ϕ(x1 , . . . , xm ) to denote a Presburger formula whose free variables (those which do
not occur within the scope of any quantifier ∀ or ∃) are included in the set {x1 , . . . , xm }.
Definition 2.2. We call a set S ⊆ Zm (classically) Presburger definable if S is the set of all tuples in Zm
which satisfy some Presburger formula ϕ(x1 , . . . , xm ) under the natural interpretation of the logical symbols
and the non-logical symbol ≤ and considering the quantifiers ∃zi and ∀zi to range over values in Z. In this
case, ϕ(x1 , . . . , xm ) is said to define the set X, and we write X = ϕ(Zm ).
Our definition of “Presburger formula” differs slightly in its syntax from what the reader may find in a
logic textbook, but all definitions will agree on which subsets of Zm count as “Presburger definable,” and
this definability is really the key concept for us.
For example, if a1 , . . . , am and b are any integers, then the set of all (x1 , . . . , xm ) ∈ Zm satisfying the
inequality
m
X
ai xi ≤ b
i=1

is Presburger definable. The set of integer solutions to the equation
m
X
ai xi = b
i=1

is also Presburger definable since it is the set of all (x1 , . . . , xm ) satisfying the Presburger formula
!
!
m
m
X
X
a i xi ≤ b ∧ ¬
ai xi ≤ b − 1 ,
i=1

i=1

and similarly subsets of Z defined as solutions to finite lists of equations and inequalities with coefficients in
Z are Presburger definable.
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An important example for us is that any numerical semigroup S = ha1 , . . . , ak i is Presburger definable:
it is the set of all x ∈ Z satisfying the formula
!
k
X
x ≥ 0 ∧ ∃z1 . . . ∃zk z1 ≥ 0 ∧ . . . ∧ zk ≥ 0 ∧
ai zi = x .
i=1

Now we come to the system of parametric Presburger arithmetic defined by Woods in [18]. This is a
logical system in which we can define parameterized families {Sn ⊆ Zm : n ∈ N} of subsets of Zm ; we
reserve the letter n for a special parameter variable, and we seek to understand how the set Sn changes as
n grows.
The definition of a parametric Presburger formula ϕn (x1 , . . . , xm ) is just like that of a classical Presburger
formula except that we allow the terms ai and b in the atomic formulas (clause (1)) to be polynomial functions
of the parameter n. More precisely:
Definition 2.3. A parametric Presburger formula is any expression ϕn which can be built up in finitely
many steps via the following rules:
(1) For any polynomials a1 (n), . . . , am (n) and b(n) from Z[n] and any variables x1 , . . . , xm , the expression
m
X
ai (n)xi ≤ b(n)
i=1

is a parametric Presburger formula (formulas as above are called atomic). The xi here are selected
from some countably infinite set {z0 , z1 , . . .} of variable symbols which does not include n, a symbol
reserved for the parameter.
(2) If ϕn and ψn are parametric Presburger formulas, then the expressions (ϕn ∧ ψn ), (ϕn ∨ ψn ), (ϕn →
ψn ), and (¬ϕn ) constructed with the logical connectives ∧ (“and”), ∨ (“or”), → (“implies”) and ¬
(“not”) are also parametric Presburger formulas.
(3) If ϕn is a parametric Presburger formula and zi is any variable symbol except n, then ∃zi ϕn and
∀zi ϕn are also parametric Presburger formulas.
We use the notation ϕn (x1 , . . . , xm ) to denote a parametric Presburger formula whose free variables (those
which do not occur within the scope of any quantifier ∀ or ∃) are included in the set {x1 , . . . , xm }, and with
the subscript n to emphasize the value of the parameter.
Definition 2.4. A family {Sn : n ∈ N} of subsets of Zm is parametric Presburger definable just in case
there is some parametric Presburger formula ϕn (x1 , . . . , xm ) such that Sn = ϕn (Zm ) (that is, Sn is the set
defined by ϕn ). The quantifiers ∀ and ∃ are interpreted to range over Z as usual.
We emphasize that each member Sn of a parametric Presburger family is definable in classical Presburger
arithmetic. To the reader familiar with classical Presburger arithmetic, it may help to think of parametric
Presburger formulas ϕn (x1 , . . . , xm ) as first-order formulas in an extended language with a new special
variable “n” such that we are allowed to multiply terms by n, but we are not allowed to quantify over n, nor
can we multiply together two terms in the standard variables xi .
For example, if Sn = hf1 (n), . . . , fk (n)i is the parametric affine semigroup generated by functions fi : N →
Nm where
fi (n) = (fi,1 (n), . . . , fi,m (n))
for polynomial functions fi,j : N → N with coefficients in Z, then the family {Sn } is parametric Presburger
definable, since it is defined by the parametric Presburger formula
!
k
X
x ≥ 0 ∧ ∃z1 . . . ∃zk z1 ≥ 0 ∧ . . . ∧ zk ≥ 0 ∧
zi · fi (n) = x
i=1

where we use the notation x for (x1 , . . . , xm ) and “x ≥ 0” as shorthand for the conjunction x1 ≥ 0∧. . .∧xm ≥
0.
Now we recall the main result of [2]:
Theorem 2.5. ([2], Theorem 1.15) Suppose that {Sn : n ∈ N} is a parametric Presburger definable family
of subsets of Zd .
(1) The set of n such that Sn 6= ∅ is eventually periodic.
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(2) The set of n such that Sn is infinite is eventually periodic.
(3) There is an EQP function g : N → N such that for every n at which Sn is finite, |Sn | = g(t).
(4) There is a function a : N → Zm whose coordinates are EQP and such that at every n for which
Sn 6= ∅, we have a(n) ∈ Sn .
3. Defining factorization invariants in parametric Presburger arithmetic
In this section, we recall the definition of various frequently studied concepts in semigroup theory, especially factorization invariants for numerical and affine semigroups, and along the way we show how they may
be defined in parametric Presburger arithmetic. Combined with Theorem 2.5, this will establish Theorem 1.3.
Let Sn = hf1 (n), . . . , fk (n)i be a sub-semigroup of N generated by polynomials fi (n) with integer coefficients such that fi maps N into N. In general, this will not yield a numerical semigroup if the greatest
common divisor d(Sn ) of f1 (n), . . . , fk (n) is greater than 1.
Observe that x = d(Sn ) may be expressed by the parametric Presburger formula
"
"
#
!#
k
k
X
X
0
0
0
x > 0 ∧ ∃z1 , . . . , zk x =
fi (n) · zi ∧ ∀y ∃z1 , . . . , zk y =
fi (n) · zi ∧ y > 0 → x ≤ y
i=1

i=1

expressing that x is the least positive Z-linear combination of the generating set. Thus the function sending
n to d(Sn ) is EQP, and the set of n for which Sn is a numerical semigroup is eventually periodic, establishing
(1) (a) of Theorem 1.3.
For the rest of this section, we will consider only the (eventually periodic set of) values of n for which Sn
is a numerical semigroup. Perhaps the simplest invariant of Sn to define in parametric Presburger arithmetic
is the genus g(Sn ) := | N \Sn |. Using the fact mentioned in the previous section that Sn itself is parametric
Presburger definable, it follows that its complement in N is parametric Presburger definable as well, giving
us (2) (a) of Theorem 1.3.
Recall that the Frobenius number F(Sn ) is the maximum of N \ Sn , so x = F(Sn ) may be expressed by
the parametric Presburger formula
x∈
/ Sn ∧ ∀y (x < y → y ∈ Sn )
(using the fact mentioned in the previous section that Sn itself is parametric Presburger definable), and so F
is EQP, establishing (2) (b) of Theorem 1.3. This was previously proved by Bobby Shen [15] using a different
method.
The set P F (Sn ) of pseudo-Frobenius numbers of Sn is the set of all x ∈ Z satisfying the Presburger
formula
x∈
/ Sn ∧ ∀y ∈ Z [(y ∈ Sn ∧ y 6= 0) → x + y ∈ Sn ] ,
and the cardinality of P F (Sn ) (which is always finite) is known as the type of Sn . Thus the type of Sn is
given by an EQP function, yielding (2) (c) of Theorem 1.3.
The numerical semigroup S is called symmetric if
∀z ∈ Z [z ∈
/ S → F(S) − z ∈ S] .
Since the Frobenius number F(Sn ) is parametric Presburger definable, it is immediate from this definition
that there is a parametric Presburger formula expressing that “Sn is a symmetric numerical semigroup” and
so the set of n for which this holds is eventually periodic (part (1) (b) of Theorem 1.3).
The numerical semigroup S is irreducible if it is not the intersection of two strictly larger numerical
semigroups.
Fact 3.1. [8] A numerical semigroup S is irreducible if and only if one of the two conditions below holds:
(1) F(S) is odd and S is symmetric; or
(2) F(S) is even and S is pseudo-symmetric: that is, for any x ∈ Z \ S, either F(S) − x ∈ S or x = F(S)
2 .
With this characterization of irreducibility, we now leave it as an exercise to the reader to verify that
“Sn is irreducible” may be expressed by a parametric Presburger formula. (Hint: the statement “n is even”
may be expressed by the parametric Presburger formula ∃z(2z = n), which allows one to break into cases
according to the parity of n.) Hence the set of all n for which Sn is irreducible is eventually periodic (part
(1) (c) of Theorem 1.3).
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A fundamental gap of a numerical semigroup S is an integer x such that x ∈
/ S but kx ∈ S for every
integer k ≥ 2 (see [1]). This is equivalent to 2x and 3x belonging to S, so the parametric Presburger formula
x∈
/ Sn ∧ 2x ∈ Sn ∧ 3x ∈ Sn
defines the set FG(Sn ) of fundamental gaps of Sn . Thus its cardinality (which is always finite if Sn is a
numerical semigroup) is an EQP function of n (part (2) (d) of Theorem 1.3).
Next we define length sets and delta sets. The length set LSn (m) of m ∈ N may be defined by the
condition that x ∈ LSn (m) if and only if
"
#
k
k
X
X
∃z1 , . . . , zk m =
fi (n) · zi ∧ z1 ≥ 0 ∧ . . . ∧ zk ≥ 0 ∧ x =
zi ,
i=1

i=1

that is, LSn (m) is the set of all sums of coefficients zi occurring in factorizations of m. If we list the
elements of the length set LSn (m) = {`1 , . . . , `r } in increasing order, then the delta set ∆Sn (m) is the set
of all successive differences `i+1 − `i , and the condition that x ∈ ∆Sn (m) can be defined by the parametric
Presburger formula
∃y1 , y2 [y1 ∈ LSn (m) ∧ y2 ∈ LSn (m) ∧ y1 < y2 ∧ x = y2 − y1 ∧ ∀z ((z ∈ LSn (m) ∧ z > y1 ) → y2 ≤ z)]
expressing that x is a difference y2 − y1 of elements yi ∈ LSn (m) such that there is no third element of the
length set between them. Finally, the delta set of Sn ,
[
∆(Sn ) :=
∆Sn (m),
m∈Sn

is also parametric Presburger definable, since x ∈ ∆(Sn ) is equivalent to
∃y [y ∈ Sn ∧ x ∈ ∆Sn (y)] .
From the preceding discussion we immediately conclude that if a(n) ∈ N is given by a polynomial function,
then the cardinalities of the length and delta sets (LSn (a(n) and ∆Sn (a(n)) respectively) are EQP (Parts
(3) (a) and (3) (b) of Theorem 1.3), and that the cardinality of the delta set ∆(Sn ) is EQP (Theorem 1.3
part (2) (e)).
The Apéry set of x ∈ Sn is defined as
Ap(Sn , x) = {y ∈ Sn : y − x ∈
/ Sn },
and the Apéry set of Sn itself is Ap(Sn ) = Ap(Sn , m(n)) where m(n) is the minimal positive element of Sn .
Note that |Ap(Sn , x)| = x since elements of the Apéry set correspond to minimal positive elements of each
congruence class modulo x which lie in Sn . Now it is simple to define when x = m(n) via the parametric
Presburger formula
x ∈ Sn ∧ x > 0 ∧ ∀y[(y ∈ Sn ∧ y > 0) → x ≤ y],
and from this we can characterize when x ∈ Ap(Sn ) with the parametric Presburger formula
x ∈ Sn ∧ x − m(Sn ) ∈
/ Sn .
If we fix some i ≥ 1, then x is the i-th element of the Apéry set of Sn in increasing order if and only if it
satisfies the parametric Presburger formula expressing “x is in Ap(Sn ), and there are i − 1 pairwise distinct
elements of Ap(Sn ) below x, and it is not the case that there are i pairwise distinct elements of Ap(Sn ) below
x.” From this it follows that the formula for the i-th element of Ap(Sn ) is EQP (Part (2) (f) of Theorem 1.3).
4. Betti numbers of affine semigroup algebras
This section is devoted to proving Theorem 1.6, of which Theorem 1.2 is a special case.
Any affine semigroup ha1 , . . . , ak i (thus in particular, any numerical semigroup) is isomorphic to a quotient
of a free commutative semigroup in the following sense: let Fk := he1 , . . . , ek i be the free commutative
semigroup with k generators, and define a congruence relation to be an equivalence relation ∼ on Fk with
the property that whenever x ∼ y then x + z ∼ y + z. For such a congruence relation, we can naturally
form the quotient semigroup Fk / ∼. Any numerical semigroup with k generators is isomorphic to such a
quotient Fk / ∼ in which moreover ∼ is generated by a finite number of relations a1 ∼ b1 , . . . , ar ∼ br (see
[10, Corollary 1.6]). That is, ∼ is the intersection of all congruence relations on Fk which contain every
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relation ai ∼ bi . These relations which generate ∼ constitute a presentation of S, and if r is the minimum
possible over all possible such finite generating sets then this is a minimal presentation of S.
Corollary 1.7 states that the cardinality of the size of a minimal presentation for Sn is an EQP function
of n. In fact this number is equal to the first Betti number β1 (K[Sn ]) of the semigroup algebra K[Sn ] over
any field K, and the EQP behavior of this function follows from the more general result (Theorem 1.6) that
any Betti number βi (K[Sn ]) is EQP, which we will now prove. The Betti numbers are more complicated
than the invariants discussed in Section 3 and do not correspond to parametric Presburger definable sets in
an obvious way, but a characterization of Betti numbers by Bruns and Herzog will help us.
For the rest of this section, we work in the context of parametric affine semigroups: that is, we assume
that Sn is a sub-semigroup of Nm for some m generated by f1 (n), . . . , fk (n), where each fi is a function from
N to Nm given coordinate-wise by polynomials with integer coefficients.
We briefly recall the usual way of defining Betti numbers. Let K be any field, and let R = K[x1 , . . . , xk ]
be the polynomial ring in k indeterminates. There is a natural K-algebra map ϕ : R → K[y1 , . . . , ym ] which
sends each xi to yfi (n) , that is, the monomial in variables y1 , . . . , ym such that the exponent of yj is the j-th
coordinate of fi (n). The ring K[y1 , . . . , ym ] is given its standard multigrading (so degrees are elements of
Zm ), and the ring R is given the nonstandard multigrading under which deg(xi ) = deg(yfi (n) ) so that ϕ is
a homogeneous degree-zero map. The image of ϕ is the affine semigroup algebra K[Sn ] and its kernel is the
toric ideal ISn .
Under this multigrading of R, we now take a minimal free multigraded resolution F of R, that is, a chain
complex
F : 0 → Fk−1 → Fk−2 → . . . → F1 → F0 = R → 0
whose maps are homogeneous of degree 0 and which is exact in positive degrees. Then the i-th Betti number
βi (K[Sn ]) is the rank of Fi , which turns out to be independent of the choice of minimal resolution (see [9,
§1]). Note that β0 (K[Sn ]) is always 1 and β1 (K[Sn ]) is the minimal number of generators for ISn , so these
quantities are independent of the choice of K, but the higher Betti numbers do sometimes depend on the
characteristic of K (see [4]).
The difficulty of directly applying the tool used in the previous section is that generally in first-order logic
we have no way of expressing a property such as “x1 , . . . , xr constitute a minimal generating set for the ideal
I” unless it happens that we know an a priori bound on the size r of a minimal set of generators. However,
even in the case of a parametric numerical semigroup generated by four quadratic polynomials, the size of
the first Betti number may grow without bound as n increases, as shown by a family of examples discovered
by Bresinsky [3] which we will discuss in Section 5.
To show that the Betti numbers βi (K[Sn ]) are EQP (fixing i, letting n vary), we use a topological
characterization by Bruns and Herzog. For any λ ∈ Sn , let the squarefree divisor complex ∆n (λ) be the
simplicial complex with vertices {1, . . . , k} corresponding to the generators of Sn , and whose faces are the
subsets {i1 , . . . , ir } such that λ − fi1 (n) − . . . − fir (n) ∈ Sn . We will compute the reduced homologies of such
e 0 (∆n (λ); K) is the number of connected components of ∆n (λ) minus 1. Now by
complexes, so that dimK H
a theorem of Bruns and Herzog ([4]), the graded i-th Betti number βi,λ (K[Sn ]) satisfies
(1)

e i−1 (∆n (λ); K),
βi,λ (K[Sn ]) = dimK H

and the relation between these and the ungraded (“coarse”) Betti numbers is
X
(2)
βi (K[Sn ]) =
βλ,i (K[Sn ]).
λ∈Sn

Proof of Theorem 1.6. Let ∆1 , . . . , ∆N list all of the different simplicial complexes with vertex set {1, . . . , k}
k
(so N is no more than 22 ). For any j ∈ {1, . . . , N }, there is a parametric Presburger formula ϕnj (x) such
that for any x ∈ Nm , ϕnj (x) is true if and only if the squarefree divisor complex ∆n (x) is ∆j . That is, ϕnj (x)
is simply a conjunction over all possible subsets {i1 , . . . , ir } of [k] expressing that either
x − fi1 (n) − . . . − fir (n) ∈ Sn
or
x − fi1 (n) − . . . − fir (n) ∈
/ Sn ,
j
depending on whether {i1 , . . . , ir } is a face in ∆ .

8

TRISTRAM BOGART, JOHN GOODRICK, AND KEVIN WOODS

For any fixed i, ` ∈ N, let
e i−1 (∆j ; K) = `}.
Γi,` = {j ∈ [N ] : dimK H
Now if j ∈ Γi,` and ` > 0, then for any n the set
ϕnj (Nm ) := {x ∈ Nm : ϕnj (x) is true }
must be finite (since the i-th Betti number is finite!), and so for such a j, the quantity |ϕnj (Nm )| is EQP as
a function of n.
Hence by Equations (1) and (2) above,
X X
X
e i−1 (∆n (λ); K) =
dimK H
` · |ϕnj (Nm )|,
βi (K[Sn ]) =
`>0 j∈Γi,`

λ∈Sn

which is a finite sum of EQP functions and hence is EQP.



5. Degrees of parametric semigroup invariants
Theorems 1.3 and 1.6 state that many invariants are eventually quasi-polynomial, but do not give any
bounds on these EQP functions. In general it is difficult to extract degree bounds whenever we prove results
via parametric Presburger arithmetic and Theorem 2.5. However, some degree bounds are known or can be
easily obtained from results in the literature.
For instance, in Remark 5.10 of [11], Kerstetter and O’Neill establish the eventual periodicity of the first
Betti number β1 (Sn ) of a numerical semigroup in the case where the generators fi (n) are linear functions
of n. That is, they show for such parametric families that β1 (Sn ) is EQP of degree zero. Our conclusion is
weaker because we have no degree bound, but our context is much more general (affine semigroups instead of
numerical semigroups, the generators of the semigroup can be given by arbitrary polynomials, and it applies
to Betti numbers of any homological degree). Also related is recent work of Şahin [7] showing that, under an
additional hypothesis (that the algebraic curve parametrized by t 7→ (ta1 , . . . , tam ) is of homogeneous type),
the degree-one family Sn = ha1 , a2 n, . . . , ak ni has every Betti number βi eventually constant.
Similarly, our EQP result for the cardinality of the delta set (Theorem 1.3 part (2) (e)) is both more
general, and weaker, than similar results obtained by Chapman, Kaplan, Lemburg, Niles, and Zlogar in [5]:
they consider only a special case of shifted monoids (in which fi (n) has the form n + ai ), but they prove
that in this case |∆(Sn )| is eventually the constant value of 1.
Returning to Betti numbers of parametric numerical semigroups, we note that it is possible to obtain an
upper bound on the degree of the EQP functions for the Betti numbers by an elementary argument:
Proposition 5.1. Let Sn = hf1 (n), . . . , fk (n)i be a parametric
numerical semigroup. Then for each i, the
P
degree of the EQP function for βi (K[Sn ]) is at most j deg(fj ).
Proof. For the Frobenius number F(f
numerical semigroup, we can give
Q 1 (n), . . . , fn (n)) of a parametric
P
the obvious crude upper bound of j fj (n), which has degree
deg(f
j ) Now using the Bruns-Herzog
j
homological characterization of Betti numbers, one can reason that if λ > F(Sn ) + i · max(f1 (n), . . . , fk (n)),
then after subtracting any i of the semigroup generators f1 (n), . . . , fk (n) from λ we must still have an element
of Sn , hence ∆n (λ) is the full k − 1-simplex and thePgraded Betti number βi,λ is 0. Therefore the degree of
the EQP function for βi (K[Sn ]) is no greater than j deg(fj ).

In the special case of the first Betti number, the bound can be substantially improved. In particular, in
this case the degree bound is independent of the number of generators k.
Theorem 5.2. [14, Theorem 8.26] Let S = ha1 , . . . , ak i be a numerical semigroup where a1 ≤ · · · ≤ ak .
Then the cardinality of a minimal generating set of IS is at most
(2a1 − k + 1)(k − 2)
+ 1.
2
Corollary 5.3. Let Sn = hf1 (n), . . . , fk (n)i be a parametric numerical semigroup where deg(f1 ) ≤ deg(f2 ) ≤
· · · ≤ deg(fk ). Then the degree of the EQP function for β1 (K[Sn ]) is at most deg(f1 ).
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Proof. Without loss of generality, for all sufficiently large n, we have f1 (n) < f2 (n) < . . . < fk (n) (the fi (n)
which is eventually least must be one of the fi ’s of minimal degree, so after reindexing we may assume it is
f1 ). By Theorem 5.2, the following inequality holds eventually:
(2f1 (n) − k + 1)(k − 2)
+ 1.
2
The expression on the right-hand side is a polynomial of degree deg(f1 ) in n, so β1 (K[Sn ]) is EQP of degree
at most deg(f1 ).

β1 (K[Sn ]) ≤

When all of the polynomials f1 (n), . . . , fk (n) are linear, this bound is not sharp; it would say that
β1 (K[Sn ]) is at most eventually quasilinear (that is, EQP of degree 1) but in fact the Kerstetter and O’Neill
result shows that it is quasiperiodic (that is, quasipolynomial of degree 0.)
For semigroups Sn generated by polynomials fi (n) of degree greater than 1, no sharp bounds on the
degree of β1 (Sn ) appear to be known. We recall an example of Bresinsky [3], which in our notation is the
family of semigroups
h4n2 − 2n, 4n2 − 1, 4n2 + 2n, 4n2 + 4n − 1i
generated by four quadratic polynomials. Bresinsky showed that the ideal of relations ISn cannot be generated by fewer than 2n elements, and therefore the degree of the EQP function β1 (K[Sn ]) is at least 1 (and
at most 2).1 Precise values for the Betti numbers of Bresinsky’s example were obtained by Mehta, Saha and
Sengupta [13], who showed that β1 (Sn ) = 4n, β2 (Sn ) = 8n − 4, and β3 (Sn ) = 4n − 3.
We now show how Bresinsky’s example can be generalized: for any even d, there is a parametric numerical
semigroup Sn of degree d such that β1 (K[Sn ]) has degree at least d/2.
Theorem 5.4. Fix d ≥ 2 even. Let Sn = ha1 (n), a2 (n), a3 (n), a4 (n)i where:
a1 (n) = 4nd − 2nd/2 ,
a2 (n) = 4nd − 1,
a3 (n) = 4nd + 2nd/2 ,
a4 (n) = 4nd + 4nd/2 − 1.
Then β1 (K[Sn ]) ≥ 2nd/2 .
Proof. We will use the Bruns-Herzog method described in the previous section, according to which it suffices
to produce 2nd/2 distinct elements f (µ) ∈ Sn (where 1 ≤ µ ≤ 2nd/2 ) such that the squarefree divisor complex
∆f (µ) is disconnected. In fact, for every such µ, the complex ∆f (µ) consists of two disjoint 1-faces.
For integers µ ∈ [1, 2nd/2 ], we define
f (µ) = (µ + 1) · a1 + (2nd/2 − µ) · a2 .

(3)
Direct calculation shows that

f (µ) = (µ − 1) · a3 + (2nd/2 − µ) · a4 ,

(4)

so the complex ∆f (µ) contains the two 1-faces corresponding to {a1 , a2 } and {a3 , a4 }. In fact we will show
that ∆f (µ) contains no other 1-faces.
Let M = 2nd/2 − 1. Then we have a2 = a1 + M and a4 = a3 + M, from which it follows immediately that
f (µ + 1) = f (µ) − M.

(5)

Noting that a3 = a2 + M + 2, we observe that if r ∈ {1, 2} and s ∈ {3, 4} then
f (µ) − ar − as ≡ −2 (mod M ).

(6)
Claim 5.5. If x =

P

i zi

· ai where z1 , z2 , z3 , z4 ∈ N and x ≡ −2 (mod M ), then z3 + z4 ≥ M − 1.

1This would appear to be a counterexample to a conjecture of Kerstetter and O’Neill in [11] that the first Betti number of

a parametric numerical semigroup is always eventually periodic.
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Proof. Since a1 = 4nd − 2nd/2 = (2nd/2 − 1) · 2nd/2 , it is a multiple of M , and the respective residues of
a1 , a2 , a3 , and a4 modulo M are 0, 0, 2, and 2. Since M is odd, the minimal number of times we can add 2
to itself and reach a number congruent to −2 modulo M is M − 1, and the Claim follows.

Now our goal is to show that for any integer µ ∈ [1, 2nd/2 ], r ∈ {1, 2}, and s ∈ {3, 4}, we have
(7)

f (µ) − ar − as ∈
/ Sn .

Once we have this, it follows from our previous discussion that ∆f (µ) is disconnected and hence the
Theorem will be established.
So fix such a µ ∈ [1, 2nd/2 ], r ∈ {1, 2}, and s ∈ {3, 4}. By (5), f (µ) ≤ f (1), so since a1 < a2 and a3 < a4 ,
we have
f (µ) − ar − as ≤ f (1) − a1 − a3
= 0 · a3 + (2nd/2 − 1) · a4 − a1 − a3
= M · a4 − a1 − a3
= M · (a3 + M ) − a1 − a3
= (M − 1) · a3 + M 2 − a1
< (M − 1) · a3 .
where the last inequality follows because a1 = M (M + 1) > M 2 .
Suppose, towards a contradiction, that f (µ) − ar − as ∈ Sn . Noting that the numbers f (µ), a1 , and a2
are all divisible by M while a3 and a4 are congruent to 2 modulo M , we have f (µ) − ar − as ≡ −2 (mod M ),
so applying Claim 5.5,
(8)

f (µ) − ar − as ≥ (M − 1) · a3 .

But this contradicts the upper bound on f (µ) − ar − as which we just established.



To summarize, let g(d) be the maximum degree of any EQP function that can arise as β1 (K[Sn ]) where
Sn is a parametric numerical semigroup whose generators are all polynomials of degree d. Combining
Corollary 5.3 with Theorem 5.4, we obtain that if d is even, then
d/2 ≤ g(d) ≤ d.
Question 5.6. What is the precise value of g(d)?
Question 5.7. For i > 1, is there an upper bound on the degree of the i-th Betti number of a parametric
numerical semigroup which is independent of the number k of generators?
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